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Linear Envelope 

Chao’s integrals 

Sands’ integrals 

Nonlinear Envelope
Exact theory not always 
Convergent theory

Nonlinear Fokker Planck
Variance of stochastic process
enters 

Average Nonlinear Fokker Planck



Topics

• Linear Invariants, linear ergodic relations 
and Chao/Sands

• How Chao and I got into an argument 

• The actual work on averaging Fokker-
Planck

• 1 and 2 degrees of freedom theory and 
examples



Part I
Dispersive Lattice Functions





Non-Symplectic Interpretation



Pure Mathematical Theory







Ripken Functions

Connection to Ripken



Beam Envelope



From Envelope to Chao to Sans



???? if k=1

Chao

Sands



Final Result entirely in terms 
of Standard and Dispersive Invariant Ripken lattice functions



Part II
Non-Linear Averaged Fokker-Planck



Chao’s One-Resonance K





Chao’s Falsely Resonant Result

But Etienne says that this is a trivial non-resonant result



Hypotheses 



Deriving  Averaged Fokker-Planck





Fluctuation Effects



Deterministic Stochastic

Averaging



Theorem (Conjecture)

This theorem appears to be true for all possible maps “a”, 
including non-symplectic maps, such that



Consequence



Lemma



Theorem : equilibrium is a quadrature













Results of 1-d-of-f



2 and 3 degrees of freedom



Curl of a function








