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Hamiltonian Systems
f“ago'l‘heosis of mathematicad models

of classieal mechan n‘cs’9

A Hamiltonian system (H,M) of n degrees
of freedom consists of a 2n-dimensiona
phase space M with ~ conjugate canonical
coordinates ('F; ) = (R ye P n"')jn)
and a Smooth Hamiltonian funcfion H:M=>R

which qenerates 2n firgt-order differential
%uah'ons (the canonical egns. of motion):

d ~i- aH d . oH :
?gf oF; Zf""%; (=t )

“The set o? all solns. of these %ns. 1S called
the (phase) flow of H on M.

Given +wo smooth fonctions F:M-R G:M>R
theit Poisson bracket s * oo




Com /et‘e{y Integrable Hami ltonian S\ys*em.s
( lassically solvable SJsfems)

The n degree of freedom Ham. s tem (H, M
com/o/efeg‘?/nefe mf/e. 1;' it has %5 mde endznf‘fs

flrsr" m:‘e rals “(or “constants or” m ion”
F /V[—>IR) in mv/o/uﬁan ‘ , J] ¢9

Level sefs S obtained by ss#m the F = const
are smooth invariant n- J:mens:ona/ hy erswﬁce.s
in M ; in fact whenever the S ar 6ounded

th ane mu/ananl' n - fori S=T and #ere
Y/
' special canonical coordinates (t, 9 2,1 M) “ )

on M (called achion-anqgle Vaﬂables in which H
is a function of I on _7 , So the eﬁns of moﬁon

d:_w(I))__.-_- (ﬁeacnc

have Solns:

.4) = W It +8, Li®)=I7
(i.e. linear f/aw Q) = wt +8° )

with fixed fr ?uencj w = w(I°

on the invanan tforvs T = T°




Twvariant foti of comPle'}eh in‘feﬂrable.
Hamiltonian system (2 dejnees of

£reedom )



@ [, ineas f/an |
' Ow) = wt+®




?e.soncmf versus Nonresonant Tor

For fixed re sguendy W= (W, ,Wn) There are

fwo /oossréle ca.ses

RESONANT CASE NONRESONANT CASE
0=k =K +.+k,u, | There is NO nonzero
for some nonzero '"ii&i’;a;“ﬁ" K= (/(: kn)
Su
Iﬂffee(fkthCfozn) g k o —/( CJ,"' 4 k,,a)

Fretores for n=2 (2-dimensiona fori ) :
S‘OPG _‘9_& Y‘ahona.l 5IOPe wz ”\’\d}“ond

Closed orbn"s Orbits da not close, but
- Fill totus dense@

For nondgerafe {Zsfem.s resonant & nonresonant

fori are Coencen rically interlaced u:jhase space
in the same way -Hmf' rotionel & irrofional

numbers are interlaced in the reel numbers .



olmogorov (195¢)
nold (1963)
oser (1962)

P‘o#o@g_g KAM theorem

Let (Z,0) = (L,...,I,.;&,,..,&,) be aci‘:'on-ang/e.
variables for the Smooth completely inteqrable
Hamiltonion (h )/Vl) [wiﬂz n2a 3%5. o}z ﬁ]
Assume h s nondc:?enemfe.

Then there exists (a small) € >o such thaf
whenever F = F(,B) is a smooth perturbation
of size / PIM < €&, the /Vel‘/wbed Hamiltonian

H@,9) = hEx)+ PE))
has a nanemp@ set T o% n - dimensional

imvariant tori in Ifs phase space . On each
invariant torvs of , the f/aw of H s
Zt/asipeﬂ'odfc. (ie. , linear with [h{'yfl/g]

nonresonant ﬁ%uncﬁ) ;
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_Ramfieahims % Conseguences of KAN
o The half-centvry-old /Oama’ox/cm'sfs of’

perfurbation theory in celeskal Mechanics is
resolved :  both eiefsfra% & Foincare are
ﬁ{ykf' Cbot /l)eiersr‘m’a Moreso — the
Lindstedt series are com/e@enf)-

o New gualitehve, deomdm'c. methods su/oeﬁsea’e.
uantitelive a proaches based on classical
Infe mbi/:’@ (f/a.ssim/ /hfgyrabzl«@ /$ z'mmed:'a/eﬁ
des Mged b /erﬁréab'an ; buf a more general
jeomer‘n'c. %’uJ of int‘egmb/e behavior ,oersisf.s).

@ The solar s\ysfem. is stable! (well, af least
certain Ham:'/fom'an models of /'/'...),

0 In classical stetistrcal mechanics L kinehe
theory, (the descendant of ) Boltzmann’s
egoi’:’o hypathesis [ "E@odensafz “T is deatt
@ harsh blow (" Generic Hamiltonian {tjsfems
are neither in tegroble nor e@ad:}: ”) .



Pro
— o KAM -H«.eow represents o (mathematical)

revolution [ or~“paradigm shift” [ in classical

meechanics comparable fo fhe revolutions tat
5/Jawned ne/a/iw'/g and 5mnfwu theory

o Tt would ve Surprised even Foincard
(and pleased Wetersta3)

A |
AT
/.j-f < very fechnical ( “hard ana./di.f N )

o Hamiltonian gysi‘em.s are nof Joad mathematical
models of physical systems

o The 'Hhreshold of Va/:'di{y e ﬁr KAM '/‘heog
is absm{g small in applications

® KAM theory is over-rated, over-sold
ovet- romanthicized
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Come 51 vea”e, la MGW@& moderna l‘f—f‘ama al

e e e @ ———— —

modello ideale dei moki circolari _uniformi, con

S -

la Sela Aiforenza che i cerchi nom stanno
i nello SFaz:'a ordinario, 0 spazio delle

Cmﬁﬂuraﬁmi, ma i Uno S/oazio P:‘c} astratto,

~G. Benettin, Moti ordinabi e woti caokici
[Ar\dm'mede V. 4} 2001> |
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Nekhoroshev 1971, 1917, (979

RotoryPe. NEKMoRoSHEY THEOREM

Let (T,0) be action-amgle variables for Hee
analytic completely integrable Homiltonian (h, A})
Assume h is steep (or convex, or Jua.siconvcx),
Then there existk a nice set U 019 initial

I - velves and (o small) &, > © suwch that
whenever I) € U, and P =P@,8) Is an

ana,lgﬁ'c perfwbab‘m of size

/P{UsT" S e E°J

the achions I = I{) of the pef/‘urbe,d
Hamiltonian H(@,8) = h(z) + P(1,8)

safisfy  (I@) -I)| < e*
on +the (cxfonem‘vhlé, /and> time. interval
0< t < ep(ce®)

(a,6,C > 0) .



